YEAR 12 Test 1,2023

MATHEMATICS Section One: Calculator Free

SPECIALIST Complex Numbers and Functions

STUDENT’S NAME: Solptions  [tAwrence]

DATE: Thursday 16 March TIME: 40 minutes MARKS: 40
ASSESSMENT %: 10

INSTRUCTIONS:

Standard Items: Pens, pencils, drawing templates, eraser

Special Items:

Questions or parts of questions worth more than 2 marks require working to be shown to receive full marks.
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CALCULATOR FREE 2023 12 SPECIALIST TEST 1
Question 1 (10 marks)

Consider the following complex locus for z.

Re

(a) Represent the above locus using, but not necessarily limited to, the following.

1) Using the Absolute Value/Magnitude function. (2 marks)
/ \/;o."rc’c } 2
, _ - . s on a
o z /?3"(’*35)/‘/*'(”'L)/ pTz.'ne'
/ YRS
Soom r b bisector = 2 A , . v B bisector
"% (OV anu ilflf’ . // +D 'fh? 9:.",‘0\/?)

(@00\1/:\\? ﬁ)r a & b!S(Cf?r)

ii) Using Re(z) and/or Im(z). (1 mark)
y = Tyx t /
lm(%) = -zl’ Ke (z) + 1 \,/ corrvect 8(70’(#/»0/7
iii)  Using Arg(z + a), Arg(z + b) and U (union), where a, b € C. (2 marks)

£.9. /"rﬁ ('Z- (‘LHBL)) U Arf} (2 - (’é+ui)) \/wrra(;f (’_m\(j_(c.s of
lines &£ a [Dc/nt
on the line (J’Sz’d.

\/W\/’IOI(' }’ﬂ(/ 15
2 nrés nted .
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CALCULATOR FREE 2023 12 SPECIALIST TEST 1

Consider the following locus |w — 6 — 2i| = 2.

(b) Sketch the locus on the diagram provided at the beginning of this question. (2 marks)
}w*(6+ZL)/ =2

Circle centre (6,2) o devtre

i u: shapé
radius = 2 Vi radivs !

(c) Determine the maximum and minimum values of Arg(w).
Include a sketch in your working out to aid your response. (3 marks)

Min /4/3 (N) = 0

i
\// forréc t Min /4 n:’J

Ma x Afﬁ (w)

/
YV correet O & o<

l V \I/ Corréct [\///(l X AT(]
Jao
\ 6
tan X = 3
]W} < 36*'.} 3 ,
= J40 o = +a,n"(§)
= 2il0
2 2 y Jio
sin @ = — = = £ = N2
V4o 2o Jio 10
= -1 o
9 Sin la—

/}rj(w) = 'fa/n”(é) + Sin 75)
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CALCULATOR FREE 2023 12 SPECIALIST TEST 1
Question 2 ' ' (3 marks)

Prove and state the conditions of |z| and Arg(z) for which Z=2z"1, z € C.

Z =:c+3«i
Zocox -yl
-l - )

z 7 —=

;'C‘I'UL

;(—fjl: '-',_/,-

x+t/i

(x-yi)(x+yt) = |

2 -

= +yl =

circle centre (0:0)

radivs = |

Arg(z) € R
lz] = |
.\,/fc"/o'_'i-"‘-}y'r'l & ‘? }\’ A R

\4/ Szﬂﬁf)[lf‘lt"s +o circl®

\/5 tate¢ condition s
for Arg(2z) & %]
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CALCULATOR FREE 2023 12 SPECIALIST TEST 1

Question 3 (5 marks)

Consider the function f(z) = z* — 423 + 9z? — 16z + 20 where z € C.
Solve f(z) = 0if z— (2 + i) is a factor of f(2).

Z - (Z'fl:) 15 QA facfor
- N _[‘
Z - (Z"'L) 15 also a factor ((oruuya”)

(2 - (ze0))(2-(2-0)) = 2%-2 (24i) -2 (2-0) + (2+1)(2-0)

i\

27- 2% - L% - 22 + AT ¢4 ¥
=z%- 4z +56

z® 1+ 4

ZZ-L’%+5 ZQ’Q’Z?’f922~)6'Z+ZO
- z° -423+522

42%-162 +20
Hz’-)bz + 20
O

S0, 2%- yz*s 922 l6z 120 = (2-(2:0))(2-(2-1)) (2% +u) =0

Z-(2+i) =0 Z2-(2-1) =0 2%+ 4 =0

Z:Z‘I’[ ‘Z:Z‘[ ZZ:'Lf
z = T J-y
zZ = 2.

\/57Laf55 2nd factor
(cony Uﬁnh’ )

-\// expands  factor x fa ctor
\/ divides v -f}nd - 'f;‘t’cfr)ﬁ‘
ls1 2 so /u'/P"a(ééﬂssom

V sta siotions to
V states 2 solv 2 et 'Facft‘.’

y

v s5tateés



CALCULATOR FREE 2023 12 SPECIALIST TEST 1
Question 4 (9 marks)
Consider the function f(x) which has been sketchedyon the provided axis.
4 N
x \ o]
X i
\\ 2 \ 4 &
\ \\J I
-10 \ V § g 1
\___- ___'_,...--"""'/ }# \
2 I
\ IR
\ 1
\V |‘L’
’_‘Ar
V
(@  On the above axis sketch f(|x|) over the domainx < 0. /n Blve (2 marks)
\// é [/t’('/ ecd ovér x = O
‘v/ ¢ oviét C“f 5;'{(&/.7(:
(b) On the above axis sketch }% over the domain x = 0. /n Kec (3 marks)

vV Shapes
.\/ kff]’ P(y,n'l‘}
(©) State when f(x) = |f (x)]. Or’ilj when f(x) >0

X ¢-%
| 4 x & 45 -
x > 6 \/c'i“ domains
@  g(x) = f(x) for the values 5 < x < 6.
If g(x) = —|ax + b| + ¢, determine the values of a, b and c.
9(¢) "
Cusp must be at (¢.0) |
Fx) n,/\:, and 9 (=) & F(x) must have Samé

= I \/ corréct @

VvV all vertical asyFVJf)f’C‘ff'S

(0,“2)) (’?/’),(6/'(')/

(1 mark)

@3 marks)

gradient

(&
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CALCULATOR FREE 2023 12 SPECIALIST TEST 1
Question 5 (3 marks)
x?+4x-7

Calculate and state the nature of all asymptotes to the equation f(x) = 1

Vertical asympfof( @ % = |

Cheek  for Horizontal asjrrﬂ,m"vf(

Cim 22 ¢ x) T
X —p x
& No Hdr:jon'f'a}
Cim x? _ ‘ _ ) -
— (%) =y -0©0 as m;:>+0 € .
it s B J
/umPel’ Fraction . check for 0}7“7@1( asymp*b'/'f

£ +5
2 - | /; 2, Yo - 7

_ x? - x
S5x -1

\/Corrc'(f vertical

\/ divideées Po./\tjnorm/al

\/ states ob/:c/.;cé
C(57M/9‘f€"'f€
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CALCULATOR FREE 2023 | 12 SPECIALIST TEST 1

Question 6 | ‘ : (10 marks)

Consider the two equations: f(x) =vVx—9 and g(x) = —ax*+c¢ a,c€R, a=>0, c=>9.

(a)  Determine f () and state the domain and range. (3 marks)
') - ’
7\ p ‘ =4 2
p P (2) 1: (I > - @ + 9
Ve - > //‘ = f_' - ( /
e o : v, corréct T [ =t
v fx:x2o]

4 j 5 ~ 7 2 .~.
'\/ statées dornrain

{yiy»aj

\/‘ sta +¢S ra r”zf/ €

(b)  Determine f(g(x)). (1 mark)

{(am)J-“z re o7 ;

(© Show and briefly explain how the generalised range of f(g(x))is 0 <y <+vc —9. (2 marks)

xc® , L N e
e s e
Ta(=) R reolotion L o
* —

Qe £ ¢ A
Min q -9 =0
Max N ¢ -9

PRSI

045 ¢ Je-9

\/ shows J(,S?‘/f'/('c: tien
ﬁ’ L Min 0,

V4 - - . ;- 2 ) 71 cocn
vV shows )us rPég’efsconI

~ ——
for Max Ve -4



CALCULATOR FREE 2023 12 SPECIALIST TEST 1

(d)  Show and briefly explain how the generalised domain of f(g(x)) is (2 marks)

—J4a(c—9) J4a(c-9)
2a 2a -

<x<

‘F(G(X)) z _axz + C 'q \/jfﬂff’—c) ingq(,lallr‘fj

lnlﬂu‘f rmust be 2 o ' ‘/ Bl piid C?fﬂ
C/z‘;{c’ldrc‘lfl“(' ﬁ)rm via
—gx? +e¢ -9 > o0

x = -bt [p?-yac . *[-t(-ayc-a)

s i et

PSS

a= -4 2a -2a

C:= ¢-9 a ¢ i’m}—-

2a
(e)  Sketch f(g(x))ifa=1and c = 25. (2 marks)
4
i - - - " f(9(x)) when o =]
L ¢+ 25
: ’ Y S J-x? 4 16
// \\ yz .
/. | \
- : 4 ] >3 2 _
10 EANNL TR =ty 6
; B i Civecle centre (0,0)
| : - | r = 4
from ¢) and d)
EEEERENE Domain  ~4¢% ¢ 4
; 104

ﬁanﬁe oé(jL’-f

END OF QUESTIONS / & cirele
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YEAR 12 ' _ Test 1, 2023

MATHEMATICS Section Two: Calculator Allowed

SPECIALIST Complex Numbers and Functions

STUDENT’S NAME:

DATE: Thursday 16" March TIME: 10 minutes MARKS: 10
ASSESSMENT %: 10

INSTRUCTIONS:

Standard Items: Pens, pencils, drawing templates, eraser

Special Items: 1 A4 page notes, Classpad, Scientific Calculator

Questions or parts of questions worth more than 2 marks require working to be shown to receive full marks.

This page has been intentionally left blank.

Page 1 of 3



CALCULATOR ALLOWED 2023 12 SPECIALIST TEST 1
Question 7 (10 marks)
Consider the equation z° = 16 + 16v/3i , where z € C.

(a) Give exact solutions to the equation in the form rcisf where 0 < 6 < 2m. (4 marks)

% et + JIT & | [,_\

7% 320 (3 v 2nk) ]

"¢ s " ¢k ;
Zk = 32 cls ( 15 15 |
| 21 JiEE T i)’
£y < 2 E8 TR N TS
= 16 x2 =32
cai
- S /
ZI Z - N +an 6 = 'E_E = ﬁ
16
137
2, * 2 cis 715 o
3
- . 1am
ZB - [Ll- CIS /,5 5 d . : .
a < =
pace 5 5
4 24+ 2 cis P
5
(2 cls ﬂ;3>
\// converts 1o I cis 6

\/ de Moivre s
\/ 5 5L‘>Iu‘fl()ﬂ5

\/ over (‘01’:’8("104(:1 £2m
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CALCULATOR ALLOWED 2023

12 SPECIALIST TEST 1

If w is the solution with the smallest argument and u is the solution with the largest argument:

(b) State w and u.
2 cis IS

w:‘
. 2 .ﬂ'.
w: 2 cis °s
(¢)  Determine Re(wu).
26T
wu = 4 ¢S "/ 15

Re (wu) = 4 cos Te T 2-68
(d  Determine |3w3|.
3
w>:= 8 ¢cis Ts
Swg 24 cis 3,“;
|3w2] © 24
(e) Determine a if aelR{andArg(w+a)=§.
o = - Re(w)
= - (2 cos
a = - 1-96
END OF QUESTIONS

(1 mark)

V states both wé u
correctly

(2 marks)

(2dp)

\/ W L
v4

Z z FCL/’ t

(1 mark)

\/ correct / 3w? /

(2 marks)

\/’/gt’('u‘;/

\/ 5 ta 15 a -
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